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It has been established by a  number of researches that Einstein's 
equation for the viscosity of solutions, as derived originally in 1906 ~ 
and then modified in  1911, ~ is not applicable even to moderate con- 
centrations of colloidal solutions.  This equation expresses viscosity 
as  a  linear  function  of  the  volume  fraction  of  the  dispersed  sub- 
stance by the formula, 
--  1 +  2.5~ 
where ,1 is the relative viscosity of the suspension, i.e.  the ratio of the 
absolute viscosity of the suspension to that of the pure solvent, while 
~o is the volume occupied by the dispersed substance expressed as a 
fraction of the total volume of the solution. 
This formula is  an approximation of the expression 
i +  o.5~  (1) 
--  (I  --  q,)u 
Examination of Einstein's paper revealed the fact that according to 
the printed derivation, the complete equation should be 
1  +  0.5~  (2) 
=  (i -  ~)i 
1 +  0.5~ 
instead of ,1  =  (1  -  ¢)i' and it was found, as will be shown below, 
that  formula  (2)  agrees  very closely with  the  experimental  facts. 
Correspondence with  Professor Einstein, however, showed that the 
I Einstein, A., Ann. Physik, 1906, xix, 289. 
2 Einstein, A., Ann. Physik, 1911, xxxiv, 591. 
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apparent  error  was  due  to  a  misprint  in  that  the  expression  as 
printed,  3~  =  A s  +  B 2 +  C 2, should be ~  =  A s+B  2 +C 2.  The 
1 +  0.5~ 
equation n  =  ii  2_ ~]  therefore cannot be derived from Einstein's 
theory but still serves as a  useful empirical relation. 
On  expansion this formula gives 
n=  1 +  4.5~o--}-  12~+  25~,  3  .  . 
When ~o is very small, this equation becomes 
,;=  I+4.5~o, 
which is identical with the one  derived by Hatschek in 19104 for the 
viscosity of suspensions, by the application of Stokes' formula for  a 
sphere moving through a viscous medium.  But it appears from Hat- 
schek's derivation that his formula is not an approximation and hence 
may be applied to cases where e  is quite large, while the  derivation 
of the formula as given above shows that it is only an approximation 
and  applies  only  to  cases  where  ~  is  very  small.  This  becomes 
especially clear when notice is taken of the rapidly increasing values 
of the coefficients of the higher powers of 9.  It is obvious then that 
the  only proper way for making use of the formula is to employ it 
in its complete form namely 
1 +  0.5~, 
=  (i  -  ,,)" 
There is no difficulty in  calculating the values of n by means  of 
this formula when the values for ~ are given.  But, on the other hand, 
a determination of ~ from a given value of n leads to the solution of an 
equation of the fourth degree.  This difficulty can be overcome  by 
plotting the curve shown in  Fig.  1,  representing the  equation  n  = 
1 +  0.5~ 
This was done by assuming various values of ~ and solving  (i  - 
for n.  The values of ~ for various values of n may then be read off 
directly from the curve.  This method was used for determining the 
values of  ~,  for various solutions, as  given in  Tables  I  to  V.  For 
~Einstein,  A.,  Ann.  Physik,  1906,  xix,  296,  300. 
4 Hatschek,  E., Z. Chem. u. Ind. Kolloide, 1910, vii, 301. M.  KUNITZ  717 
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TABLE  I. 
Viscosity of Solutions of Various Sugars in H20 at 25°C. 
(From the data by Pulvermacher, 0., Z. anorg, u. allg. Chem., 1920, cxlii, 147.) 
Gm. per 100 cc. 
solution. 
1.0 
2.0 
4.9 
10.3 
15.6 
21.7 
2.1 
4.7 
10.6 
16.6 
21.7 
26.4 
1.15 
2.31 
4.67 
9.40 
19.60 
2.8 
5.9 
12.1 
18.3 
25.7 
Relative 
viscosity. 
1.026 
1.054 
1.141 
1.329 
1.570 
1.917 
1.062 
1.130 
1.316 
1.619 
1.901 
2.216 
1.031 
1.062 
1.125 
1.283 
1.748 
1.086 
1.187 
1.450 
1.779 
2.371 
1+0.59  Calc. iromformula,  n=(l_~),. 
Volume fraction Specific  volume.  of solute. 
Saccharose. 
per cent 
0.6  0.60 
1.2  0.60 
3.0  0.61 
6.2  0.60 
9.6  0.61 
13.7  0.63 
Glucose. 
1.4  0.66 
2.8  0.60 
6.0  0.57 
10.3  0.62 
13.5  0.62 
16.5  0.63 
Galactose. 
0.7  0.61 
1.4  0.61 
2  7  0.58 
5.5  0.59 
11.9  0.61 
Lactose. 
1.9  0.68 
3.8  0.65 
8.0  0.66 
12.2  0.67 
17.8  0.69 
Specific  volume. 
Calc. from 
formula, 
~ =  1 +2.5 q'. 
1.04 
1.08 
1.14 
1.28 
1.46 
1.69 
Observed, Chemists' 
Year Book, 1925. 
0.63 (20°C.) 
0.64 
O. 66 (4°C.) 
greater  precision  two  curves  were  used;  one  covering  a  range  of  n 
from 1.000 to 5.000 with a  scale of 10 cm. per unit of n and  1 cm. per 
1 per  cent in  the values of 9,  and  another one covering a  range of ~r.  r~trNXTZ  719 
from 1.00 to 40.0 with a  scale of 1 can. per unit of n and 0.5 cm.  per 
1 per cent. 
As defined above, the symbol ¢ stands for the volume fraction of the 
TABLE  II. 
Viscosity of Suspensions of Sulfur Particles in Dilute NaCI. 
(From the data by Odin, S., Z. physik. Chem., 1912, lxxx, 709.) 
Gm. per 100 cc. solution. 
1.28 
3.84 
7.68 
15.36 
24.14 
30.72 
48.28 
5 
10 
20 
30 
40 
45 
5 
10 
20 
30 
40 
45 
Relative viscosity. 
1 +0.5 ~p  Calc. from formula,  ~ ffi ('i--~" 
Volume fraction of  [  Specific volume. 
solute.  I 
Temperature 25°C.  Diametex of particles 100t,t*. 
1.035 
1.090 
1.230 
1.510 
1.975 
2.450 
5.000 
~er cent 
0.8 
2.0 
4.6 
8.9 
14.3 
18.4 
30.6 
0.62 
0.52 
0.60 
0.58 
0.59 
0.60 
0.63 
Temperature 20"C.  Diameter of particles 100t-t*. 
1.13 
1.30 
1.75 
2.40 
3.70 
4.60 
2.8 
5.8 
11.9 
18.0 
25.6 
29.2 
0.56 
0.58 
0.60 
0.60 
0.63 
0.65 
Temperature 20"C.  Diameter of particles 10~t*. 
1.095 
1.116 
1.495 
1.99 
2.79 
3.19 
2.1 
4.1 
8.7 
14.5 
20.8 
23.2 
0.42 
0.41 
0.44 
0.48 
0.52 
0.51 
dispersed substance or of solute in  case of solution, and  can be  ex- 
pressed either as per cent or as cc. per 100 cc. of solution.  Hence 
divided by the weight of the solute per 100 cc. of solution  stands  for 
the specific volume of the solute and this should be constant for various 720  EMPIRICAL  VISCOSITY  FORMULA 
concentrations  of  the  dispersions  or  solutions  unless  the  solute  is 
hydrated  or  solvated  to  an  extent  varying  with  the  concentration. 
1 +  0.5~, 
Thus the applicability of the formula n  -  (1 -  ~)4  may  be  tested 
for various dispersions by observing whether the calculated values of 
~, by means of this formula, when divided by the weight of the solute 
in gm., produce a  constant equal to the specific volume of the solute. 
This was done for various substances, using  published data, with the 
TABLE  III. 
Viscosity of Various Hydrosols. 
(Cited by Hatschek, E., Z. Chem. u. Ind. Kolloide, 1912,  xi, 286.) 
Gin. per 100 co. 
solution. 
20 
25 
30 
35 
40 
4.35 
6.05 
7.06 
8.49 
9.39 
Relative viscosity. 
1+0.5 9  CMc.from  formula,  ~ =  (l -  ~o)~" 
Volume fraction of  [  Specific volume. 
solute.  I 
Specific~lume. 
:(Hatschek.) 
Glycogen sol.  Data by F. Bottazzi and G. d'Errico. 
3.548 
4.548 
7.370 
12.22 
20.55 
per een.l 
24.6 
29.0 
36.5 
43.8 
50.4 
1.23 
1.16 
1.22 
1.25 
1.25 
1.86 
1.90 
2.18 
2.21 
2.15 
Casein sol.  Data by H. Chick and C. J. Martin. 
3.37 
6.12 
8.48 
13.66 
23.72 
24.0 
33.5 
38.6 
45.3 
52.1 
5.5 
5.5 
5.5 
5.3 
5.5 
8.04 
9.64 
9.72 
9.37 
9.35 
~p 
following results.  Table I  gives the calculations of ~ and of ~  (C  = 
gm. of solute per 100 cc. of solution) for various sugar solutions.  The 
1  +  0.5~  values of ~  calculated  by means of the formula  n  =  (1  -  ,)4  are 
quite  constant  and  agree  with  the  observed  values  of  the  specific 
volume of  the  various  sugars,  as  published  in  the  Chemists'  Year 
9  Book,  1925.  On the  other hand,  the  values of ~  for saccharose,  as ~.  X~TZ  721 
calculated  by  means  of  the  Einstein  formula,  n  =  1  +  2.5  ~, 
are not constant but continuously increase with the concentration  of 
the solution and give values of 1.04 to 1.69 which differ widely from 
the observed value of 0.63.  Einstein 5 gives the value for the specific 
volume of saccharose as 0.61 which is still closer  to the values as cal- 
culated by the complete formula. 
Table  II  shows  the  same  results  in  case  of  suspensions  of sulfur 
TABLE  IV. 
Viscosity of Solutions of India Rubber in Various Solvents. 
(From the data by Kirchhof, F., Kolloicl-Z., 1914, xv, 30.) 
Gm. 
Solvent.  per 100 cc. 
solution. 
Benzin  ........................  0.5 
"  .......................  1.0 
"  3.0 
Benzene  ........................  0.5 
1.0 
"  2.0 
"  3.0 
Carbon tetrachloride  ............  0.5 
"  "  ...........  1.0 
Tetrachlorethane  ...............  0.5 
"  ..............  1.0 
e]afive 
scoslty. 
1.9 
4.3 
g.0 
2.1 
4.7 
~3.5 
P7.3 
2.6 
7.5 
2.5 
6.9 
Calc. from formula, 
1+0.5  ~o 
=  (1 --  ~,)4" 
Volume* 
fraction  Specific 
~f solute,  volume. 
per cent 
13.5  27.0 
28.0  28.0 
65.5  21.8 
15.6  31.2 
29.6  29.6 
52.0  26.0 
65.8  21.9 
19.6  39.2 
36.8  36.8 
18.8  37.6 
35.5  35.5 
Specific 
volume. 
Hatsohek.) 
29.2 
46.0 
33.7 
33.0 
51.5 
45.5 
34.0 
49.0 
70.0 
44.0 
63.0 
particles.  The values for specific volume, as calculated by the formula 
1  +  0.5¢ 
-  (1  -  9)4, are quite constant,  especially in the  series  at 25°C. 
and are quite close to the actual specific volume of sulfur which is about 
0.5.  In the series at 20°C. the value of ~  increases slightly with the 
increase in concentration  of the sulfur, but, as is mentioned by Sven 
Od6n, coagulation of the dispersion beans at 20°C.  This coagulation 
s Einstein, A., Ann. Physik, 1905, xix, 301. 722  EMPIRICAL  VISCOSITY  FORMULA 
increases with the concentration, and hence an increase in the volume 
of the dispersed substance is to be expected owing to the occlusion of 
water in the clusters of the partially coagulated particles. 
Table III shows how well the formula applies to colloidal solutions, 
such as hydrosols of glycogen and casein.  In this table are also given 
the values of ~  as calculated by Hatschek by means of his formula, ~  = 
 evelo e   ,or  concen r  ,on  o, emu, ,0o  
A comparison of the two last columns shows the remarkable constancy 
of the values for the specific volume of the solutes when calculated by 
1  +  0.5~ 
the formula  n  -  (1  -  ~)4  as compared with Hatschek's values. 
The difference between these two formulae is also shown in Table 
IV where the specific volume of India rubber when dissolved in various 
solvents is  calculated  from  the  relative  viscosities of  the  solutions. 
~o 
Again the values of ~  are quite constant when calculated  by the for- 
1  +  0.5~ 
mula n  -  -(i --  ~'  while I-Iatschek's last formula does not  fit this 
case at all.  Thus it is evident from all  the data given that formula 
(2)  may well be applied  to practically  all cases of solutions  or sus- 
pensions of particles where the particles are large in comparison with 
the molecules of the  solvent,  and  to  concentrations  of the solute as 
high  as to occupy even 50 per cent of the total volume.  The values 
for  the  specific volume of the  solutes as calculated by this  formula 
are  not  only  constant  for  various  concentrations  but  also  agree 
in the case of the sugar solutions and the sulfur suspension with the 
actual specific volume of the solutes in the dry state.  On the other 
hand, the values for the specific volume of such "solutes" as glycogen, 
casein, and rubber, as obtained from the viscosity measurements, are 
much higher  than  the actual values for the specific volume of these 
substances in  the dry state,  thus showing that  the particles of these 
substances contain some of the solvent.  The viscosity measurements 
supply a  means,  then,  through  the application of the formula, for de- 
termining  the actual volume of the solvent associated with the solute. 
Hatschek, E., Z. Chem. u. Ind. Kolloide, 1911, viii, 34. M.  EUNITZ  723 
This  figure  can  be  obtained  by  subtracting  the volume occupied 
by the solute in the dry state from the value of ~ as calculated from 
the viscosity of the solution. 
An independent method for testing the significance of the values for 
obtained from viscosity measurements is afforded by osmotic pres- 
sure measurements.  The equation for osmotic pressure of moderate 
molal  concentrations  of  solutions  of  substances  of  high  molecular 
weight may be expressed as 
RT  Nz 7 
Vo  No 
or 
Hence, if the values for ~, as calculated from viscosity measurements 
are real, then, when they are substituted in the last equation, the value 
of K  should be constant for all concentrations of solutions of the same 
substance.  That this is  the case is  shown in  Table V,  where data 
are given for osmotic pressure and viscosity of solutions of various 
concentrations of caoutchouc in  benzene,  as  determined by W.  A. 
Caspari  in  1914.  The values for K  are practically constant in every 
7  Eucken,  A.,  Fundamentals  of physical chemistry, New York and London, 
1925, 212. 
where 
Vo -~ tool volume of solvent. 
No = number of mols of solvent. 
NI ~  number of tools of solute. 
Let 
C  ~  gm. of solute per 100 cc. of solution. 
M1 -- tool weight of solute. 
~, ~  volume of solute in cc. per 100 cc. of solution. 
Then the above equation may be also written as 
c 
RT  M1  RT  C  K C 
P---  V0  100--~o  M1  100--~  ~o 
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TABLE  V. 
Relation between Osmotic Pressure and Viscosity of Caoutchouc Solutions in 
Benzene at 20°C. 
(From the data by Caspari, W. A., J. Chem. Soc., 1914, cv, 2139.) 
Gin. per 100 cc. 
solution. 
4.45 
3.37 
2.70 
2.17 
1.04 
Osmotic 
pressure. 
Relative 
viscosity. 
I+0.S¢  Calc. from formula, ~/= ~. 
Volume fraction  Specific  volume.  of solute. 
K* 
Partly deviscified  caoutchouc. 
atmospheres 
O. 0235 
0.0158 
0.0116 
0.0088 
0. 0036 
45.4 
23.6 
16.8 
12.5 
5.1 
#er cent 
59 
52 
48 
44 
31 
13.3 
15.4 
17.8 
20.3 
29.8 
0.216 
0. 224 
0.224 
0.227 
0. 239 
Highly deviscitied  caoutchouc. 
9.95  0. 0487  16.9  48  4.8  0. 255 
6.89  0. 0282  8.8  39  5.7  0. 249 
4.11  0.0141  4.0  27  6.6  0.250 
2.06  0. 0060  2.1  15  7.5  0. 248 
Gutta  percha. 
6.03  0. 0500  15.9  47.2  7.8  0.44 
3.04  0. 0238  4.76  29.5  9.7  0.55 
2.04  0. 0146  2.65  20  9.8  0.57 
1.26  0.0086  2.06  15  11.9  0.58 
*K =  P(  1~)  M,RT" 
casefl thus  showing the  close relation between viscosity and  osmotic 
pressure,  both  being functions of the volume fractions of the  solute. 
8 It is interesting to observe that in the case of solutions of substances that swell 
enormously when  brought  in  contact  with  suitable  solvents, as  in  the  case of 
rubber in contact with various organic liquids, the values of ~  as calculated by 
means of  the  formula  continuously decrease with  increase in  concentration, as 
shown in Table V.' Nevertheless the independent method of checking  the  values 
of 9 by means of osmotic pressure measurements shows that the viscosity formula 
applies even  to cases  where ~  is not constant. ~.  XUmTZ  725 
SUMMARY. 
1 +  0.5¢  represents  It  has  been  found that  the expression ~  -  (1  -  ¢)* 
very closely the  relation  between the volume of the solute and  the 
viscosity of the  solution.  The  formula has been applied to a num- 
ber  of  experimental  results  and  found  to  hold  very  well  for  as 
high  concentrations  as  50  per  cent  solutions of such substances as 
sugars,  glycogen,  casein,  and  rubber.  In  the  case of various sugar 
solutions,  and  also  in  the  case of sulfur suspensions,  the volume of 
the  solute  as  calculated  from  the  viscosity values  agrees  with the 
actual  volume  of  the  substance  in  dry  state,  as determined  from 
specific  gravity  measurement,  while in  the  case of caoutchouc solu- 
tions  in  benzene  the  values  of  ¢  as  calculated  from  the  viscosity 
measurements fit remarkablywell in the equation for osmotic pressure. 
The writer wishes to express his thanks to Dr. J. H. Northrop for 
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